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1. A number is between 500 and 1000 and has a remainder of 6 when divided by 25 and a
remainder of 7 when divided by 9. Find the only odd number to satisfy these requirements.
Answer: 781
Solution: If an odd number has a remainder of 6 when divided by 25, then it must have
a remainder of 31 when divided by 50. Similarly, upon inclusion of the “7mod9” condition,
we determine the remainder must be 331 upon division by 450. This calculation is simplified
by noting that the digits must add to 7. Therefore, the only number in the desired range is

331 4 450 = [ 781].

2. If T roll three fair 4-sided dice, what is the probability that the sum of the resulting numbers
is relatively prime to the product of the resulting numbers?

A I
nswer 1

1
Solution: The probability is 3 that the sum of the resulting numbers is odd, a necessary
condition for the problem statement to be true. Furthermore, there are 64+3+343+3+1 = 19
3

such cases where both are divisible by 3, for a final probability of % 61" 32

3. Suppose we have 2013 piles of coins, with the i*" pile containing exactly ¢ coins. We wish to
remove the coins in a series of steps. In each step, we are allowed to take away coins from
as many piles as we wish, but we have to take the same number of coins from each pile. We
cannot take away more coins than a pile actually has. What is the minimum number of steps
we have to take?
Answer: 11
Solution: Let the maximum pile of coins have at most 2k coins. Then, we can take k coins
away from any piles with at least k coins, so our new maximum pile will have at most k coins.
Thus, our answer is 1 + [logy(n)]. To show minimality, suppose we can remove all the coins
in m steps. Let us denote aj as the number of coins removed from each pile in the kth step.
Since the ith pile is removed in the end, each number 7 can be expressed as the sum of a
subset of the numbers a1, as, ..., a,,. The number of such sums is at most 2™, since for each
k=1,2,...,m, we can include a; in the sum or not. Thus, 2 must be at least as large as
n, so we have m > log,(n).

4. Given fi; = 2z — 2 and k > 2, define fi(z) = fi(fx—1(z)) to be a real-valued function of z.
Find the remainder when f20;3(2012) is divided by the prime 2011.
Answer: 2005
Solution: We may show that f,(z) = 2"(z — 2) 4 2, from which we conclude f2013(2012) =
220132010 +2= 28+ 2 = mod 2011.
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5. Consider the roots of the polynomial z2°1? — 22013 — (. Some of these roots also satisfy

2 — 28 = 0, for some integer k < 2013. What is the product of this subset of roots?
Answer: 2813

Solution: As we all know by now, 2013 = 3(11)61. If we let z = exp(z—

20713),then 22"is in this
671 183 '
subset iff n is a multiple of 3, 11, or 61. So we take the following products: H 2231 H 211

i=1 i=1
33

and H 221 Note that, in each case, the final exponent on z will be divisible by 2013(meaning
i=1
the products of the z factors will be one), so the products are 2071 9183 1nd233. However,
61 3

we overcounted double and triple overlaps, so we must divide by H2z33i, H22671i, and

i=1 =1
11

H 22183 which come out to 20!, 23 and 2'*, by similar reasoning. Finally, we undercounted
=1

triple overlaps, where n = 0, so we must finally multiply by 22° = 2, giving a final answer of
2(671+183+33—61—3—11+1) — 2813'

6. A coin is flipped until there is a head followed by two tails. What is the probability that this

will take exactly 12 flips?

143
Answer: ——

Solution: Weﬁknow the last three flips must be HT'T. Let ¢ be the first position where an
H appears in the sequence (note i can range from 1 to 10). Once an H appears, we are no
longer allowed adjacent 71”’s until we reach the end. Thus, if we are at position 7, we have
10 — ¢ — 1 slots. The number of ways to arrange T with no two being adjacent into k slots
can be found to be Fjo, where Fj4o is the k + 2th Fibonacci number. Thus, we have a total

of I} + Fy + ...+ Fijg = Fj3 — 1 = 143 valid scenarios and a total of 212 sequences, so our
143 143

probability is 512 = 1096

7. Denote by S(a,b) the set of integers k that can be represented as k = a-m + b - n, for some
non-negative integers m and n. So, for example, S(2,4) = {0, 2, 4, 6, ...}. Then, find the
sum of all possible positive integer values of x such that S(18,32) is a subset of S(3, x).
Answer: 238
Solution: We note that £ may not be divisible by 3 or greater than 32, else 32 will never
be achieved. If 32 is achieved, then 3 -6 = 18 and 32 are both contained, so every linear
combination of those two will be contained (and thus, S(3,z) will be contained in S(18,32)).
Simply considering which sets S(3,z) contain 32 yields

r=1,2,4,5728,10,11,13,14, 16, 17, 20, 23, 26, 29, 32.

Thus, our sum is .
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8.

10.

P1.

Let f(n) take in a nonnegative integer n and return an integer between 0 and n— 1 at random
(with the exception being f(0) = 0 always). What is the expected value of f(f(22))?
105

Answer: >
Solution: Notice that the expected value of f(n) is (n —1)/2 (except f(0) = 0), so the

n—1 n—1
-2 —1
expected value of f(f(n)) = Zl f@)/n= Z;(z —1)/(2n) = (nifbn) Plugging in our
n, we get 720'21 —@
P WOES T T a2

. 2013 people sit in a circle, playing a ball game. When one player has a ball, he may only

pass it to another player 3, 11, or 61 seats away (in either direction). If f(A, B) represents
the minimal number of passes it takes to get the ball from Person A to Person B, what is the
maximal possible value of f?

Answer: 23

Solution: Look mod 61, find 7 as answer, add to L%
Let o, be a permutation of {1,...,n}; that is, 0,,(i) is a bijective function from {1,...,n}
to itself. Define f(o) to be the number of times we need to apply o to the identity in order
to get the identity back. For example, f of the identity is just 1, and all other permutations
have f(o) > 1. What is the smallest n such that there exists a o, with f(oy,) = 20137
Answer: 75

Solution: Suppose instead f(o,) = k. Let L be a list of numbers. Note that each permuta-
tion may be decomposed into a product of disjoint cycles. In order to determine the smallest
n such that a given permutation has order k, we want to minimize the sum of all the numbers
in L while making the gcd of L equal to k. To do this, we let L be the list of the highest
power of distinct prime factors that divide k, such that if k = p*p5?ps® ..., then our answer
is pi' +p5* + 05 + .. ..

|, answer 23.

Ahuiliztli is playing around with some coins (pennies, nickels, dimes, and quarters). She keeps
grabbing k coins and calculating the value of her handful. After a while, she begins to notice
that if k£ is even, she more often gets even sums, and if k£ is odd, she more often gets odd
sums. Help her prove this true! Given k coins chosen uniformly and at random, prove that
the probability that the parity of k is the same as the parity of the k coins’ value is greater
than the probability that the parities are different. Solution: Note that there is 1 coin with
even value (the dime) and 3 coins with odd value. Then, the probability the sum of k coins

1 1
is even satisfies the relationship P, = ZPk_l + Z(l — Pj_1), with initial condition P; = T

1 (=1)F
We can then calculate that P, = - +

5 h T and deduce the desired conclusion.
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P2. Let p be an odd prime, and let (p”)! = mpk for some positive integers m and k. Find in terms
of p the number of ordered pairs (m, k) satisfying m + k = 0 mod p. Solution: We can
-1
calculate the maximum possible value of k to be k% = pP L+ pP 2 4... 41 = ppil For any
p —_—
k' < k¥, we have m = 0 mod p, so we must have k& = 0 mod p for the condition to hold. There

arepp_z_.l_pp_g_'__{_l:L

remainder of m modulo p. For the factorial, group into blocks of p, apply Wilson’s theorem,
and recurse. Answer should be —1. For z, we know z = pP~! 4+ pP~2 + ... + 1, so taking this

prt—1
p—1

possibilities in that case. If k = k%, then we consider the

mod p will always give us 1. Thus, the answer is 0, and we have a total of +1

ordered pairs.



